Abstract. Topological spaces with generalized symmetries are defined and extensions of the Conley index of a compact isolated invariant set of the flow preserving the structures introduced are proposed. One of the two new indexes is constructed with no additional assumption on the examined set in terms of symmetry invariance.
1. Introduction. The Conley index theory is developed in many different directions to examine various aspects of the behaviour of flows. It is well known that the behaviour of flows which admit certain symmetries is strongly limited. The works of A. Floer [F] , A. Floer & E. Zehnder [FZ] and T. Bartsch [B] show how the ideas of Conley index can be used to investigate the flows which are equivariant with respect to a compact Lie group action. Nevertheless, there appear some "symmetries" which cannot be obtained as a compact Lie group action.
The main aim of this paper is to study whether it is possible to define a homotopy index for flows which can contain some information about less regular symmetries than those indicated by a compact Lie group action. The positive answer is obtained through the concept of topological spaces with generalized symmetries. The suggested invariant is the homotopy type of a suitable compact pointed space with generalized symmetries.
The paper is organized as follows. In section 2 we introduce the notion of a topological space with generalized symmetries (or symmetries for short) over some base B, a map preserving the generalized symmetries and finally the homotopy type of spaces with generalized symmetries. We discuss the basic properties of these objects. In particular we describe the class of regular symmetries which can be treated similarly to the "symmetries" established by the action of a compact Lie group. Now, consider a given space with symmetries (X, Σ; B). We denote elements of Σ by a, b, c, . . . Moreover, for a = (|a|, (a)) ∈ Σ, we will say that the subset |a| ⊂ X is the support of a and (a) ∈ B is the index or type of a.
For any subset A ⊂ X, we define the symmetries Σ A in A induced by the symmetries Σ as follows: Σ A def = {(A ∩ |a|, (a)) : a ∈ Σ and |a| ∩ A = ∅}.
In this sense we will consider the space with symmetries (A; Σ A , B) as a subspace of (X; Σ, B).
Subsets A, B ⊂ X are said to be Σ-disjoint if they are disjoint and |a| ⊂ X \ A or |a| ⊂ X \ B for any a ∈ Σ. This property implies that Σ A∪B = Σ A ∪ Σ B . A subset A ⊂ X is Σ-invariant if A and X \ A are Σ-disjoint. Let P Σ (X) stand for the family of Σ-invariant subsets of X.
Proposition 2.2. The family P Σ (X) forms an algebra of sets with the natural operations ∪ and ∩, i.e.
(1) ∅ ∈ P Σ (X) and X ∈ P Σ (X), (2) X \ A ∈ P Σ (X) for any A ∈ P Σ (X), (3)
A ∈ P Σ (X) and A ∈ P Σ (X) for any family A ⊂ P Σ (X).
Thus we can formulate the following definition.
Definition 2.3. The family of sets
is called the topology of Σ-invariant sets.
To complete the formal definitions we introduce the notion of sum and product of spaces with symmetries.
Definition 2.4. Let (X, A; Σ X , B X ) and (Y, B; Σ Y , B Y ) be spaces with symmetries. We define
if only the spaces X and Y are disjoint, where ⊔ means topological sum, • the product
Proof. Indeed, let c ∈ Σ X×Y and |c| ∩ A × B = ∅. Then c = (|a| × |b|, ((a), (b))), |a| ∩ A = ∅ and |b| ∩ B = ∅ for some a ∈ Σ X and b ∈ Σ Y . Hence |a| ⊂ A and |b| ⊂ B, as they are Σ-invariant subsets. Thus |c| ⊂ A × B. 
Regular symmetries.
Consider a space with symmetries (X; Σ, B). The symmetries Σ define the relation R Σ ⊂ X × X by
It is elementary to verify that this is an equivalence relation if, for instance, the symmetries Σ satisfy the following conditions:
• X = a∈Σ |a|, • for any a, b ∈ Σ we have |a| = |b| or |a| ∩ |b| = ∅.
If R Σ is an equivalence relation then the quotient space X/R Σ is a topological space and the canonical projection π : X → X/R Σ is a continuous map.
, then there are x ∈ A and y ∈ B such that z = π(x) = π(y). Hence, there must exist a ∈ Σ such that x, y ∈ |a|, so |a| ∩ A = ∅ = |a| ∩ B, which contradicts our assumption.
(⇐) Let a ∈ Σ and |a| ∩ A = ∅. Then
Corollary 2.7. If R Σ is an equivalence relation then
Definition 2.8. The symmetries Σ are regular if R Σ is an equivalence relation and the canonical projection π : X → X/R Σ is a closed and open mapping.
We recall the following theorem.
Theorem 2.9. If X is a locally compact metric space and the symmetries Σ are regular then the quotient space X/R Σ is a locally compact metric space.
Proof. It is known [E, theorem 4.4.18] that the quotient topology is metrizable as there is a closed and open surjection π : X → X/R Σ .
Moreover, the quotient space X/R Σ is locally compact, as the quotient topology is metrizable and π : X → X/R Σ is an open surjection, see [E, theorem 3.3.15] .
Maps preserving generalized symmetries.
The additional structure of symmetries allows us to describe the class of maps which preserve the symmetries introduced. We write
2.3.1. Quotient space of a pair of sets. An important example of a topological space with base point is a space generated by a pair of sets.
For any pair (X, A) of sets, A ⊂ X, there is the quotient space defined by
and the canonical projection It is obvious that if A ⊂ X is a compact subset of a Hausdorff space X then X/A is a Hausdorff topological space. It is sufficient for further considerations to assume that A is compact.
This construction leads us to the notion of the quotient spaces with symmetries induced by pairs of sets.
Definition 2.14. Let A ⊂ X be a compact subset of X. We call
the quotient space with symmetries induced by the pair (X, A).
Moreover, we call
⋆ the weak quotient space with symmetries induced by the pair (X, A).
2.3.2.
Sum and product of spaces with base points and generalized symmetries. Now, we define the sum and product of spaces with base points in the context of spaces with symmetries.
Definition 2.15. Let (X, ⋆, Σ X , B 1 ) and (Y, ⋆; Σ Y , B 2 ) be spaces with symmetries.
• If X and Y are disjoint then we define the sum
• We define the product
There is an important relation between the quotient spaces induced by the sum of Σ-disjoint pairs.
Proposition 2.16. Let (X; Σ X , B) be a space with symmetries, let (A, B) and (C, D) be pairs of subsets of X such that A and C are Σ-disjoint. Then the spaces
are Σ-homeomorphic.
Proof. We consider the canonical projections
In order to prove that h is a Σ-homeomorphism we observe the following.
Let a ∈ Σ A/B∨C/D and |a| = {⋆}. Then there is either
The following propositions describe the relation between pointed symmetries and the operations of sum and product.
This shows how the elements of the symmetries are related.
(2) Let p :
This shows how the elements of the symmetries can be obtained from one another.
Special maps on quotient spaces of pairs of sets.
The construction of the Conley index is founded on the properties of maps on spaces with base point of a special form. In this section we study the properties of such maps in relation to symmetries.
We consider spaces (X; Σ X , B), (Y ; Σ Y , B) and an invariant map
Homotopy type of topological spaces with base point and symmetries. Maps
The spaces (X, ⋆; Σ X , B) and (Y, ⋆; Σ Y , B) with symmetries are Σ-homotopy equivalent if there exists a Σ-homotopy equivalence f : (X, ⋆;
This leads to the notion of the Σ-homotopy type of (X, ⋆; Σ X , B) which will be denoted by [(X, ⋆; Σ X , B)].
Remark 2.13 leads directly to
]. Standard properties of sum and product of spaces with base point (see for instance [Wh, chapter III.2]) show that there are well defined operations of sum and product of Σ-homotopy types of spaces.
] be Σ-homotopy types of spaces with symmetries. We define
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• the product of X and Y by
3. Examples of generalized symmetries. In this section we describe some examples of generalized symmetries which appear in a natural way in examining some classes of flows.
3.1. Generalized symmetries induced by a group action. Let G be a topological group, which is not assumed to be compact. Let B = S(G) , the basic set of the symmetries, be the family of closed subgroups of G. Moreover let the group G act on a space X. Then we define
where Gx = {gx ∈ X : g ∈ G} and G x = {g ∈ G : gx = x} for any x ∈ X.
Elementary verification leads to the following statements.
preserves the symmetries.
The above remarks suggest some kinds of symmetries which can be considered in the case when the flow examined preserves an action of a topological group.
It also suggests the relations between the G-homotopy type of the G-spaces and the Σ-homotopy type of the spaces with the induced symmetries.
Generalized symmetries induced by isolated invariant sets of a flow.
We consider a flow ψ : X × R → X and we introduce the symmetries induced by the compact isolated invariant sets IIS(ψ) of the flow ψ, see section 5.1. Let
be the basic set of the symmetries.
We define
where α ψ (·) and ω ψ (·) denote the negative and positive limit sets of the flow ψ respectively. The family Σ describes the connecting trajectories of the flow ψ. We prove that any flow ϕ : X × R → X which commutes with ψ, i.e. ϕ t • ψ s = ψ s • ϕ t for t, s ∈ R, preserves the symmetries Σ.
Proof. The assumption guarantees the existence of a compact subset N ⊂ X such that A = inv(N, ψ) ⊂ int(N ). As A is compact and the flow ϕ is continuous there is
Corollary 3.6. Let A ∈ IIS(ψ) and
Proof. Indeed, if lim n→∞ ψ tn (x) = x 0 ∈ A for some sequence t n → +∞ then
Proposition 3.7. For any t ∈ R, ϕ t : (X; Σ, B) → (X; Σ, B) preserves the symmetries.
Proof. For any x ∈ X and t ∈ R we obtain ϕ t (ψ({x} × R)) = ψ({ϕ t (x)} × R), as the flows ϕ and ψ commute. Hence, Corollary 3.6 completes the proof.
Generalized symmetries for flows admitting a first integral.
Let f : X → R be a given function. We define B = R to be the basic set of the symmetries
We consider a flow ϕ : X × R → X which admits f : X → R as a first integral, i.e. f = f • ϕ t for any t ∈ R.
This example can be extended if one replaces R with an arbitrary space Y , takes B ⊂ P (Y ) and
Such symmetries might be helpful for examining the properties of flows which admit first integrals or invariant subspaces in a more general situation.
4. Some examples of spaces with generalized symmetries. Now, we present some simple examples of spaces with generalized symmetries. We will use them in section 6 to show how the Conley index with symmetries can be applied to examine the behaviour of flows.
Let us consider the following subsets of the Euclidean space (R 2 , | · |):
• discs:
• circles:
• points:
We define a space with generalized symmetries over the base set
This will be done, roughly speaking, in the following way. The circles E 1 , E 2 will define the elements of symmetries (E 1 , 1) and (E 2 , 1) of type 1. The points P 2 , P 3 will determine the elements (P 2 , 2) and (P 3 , 2) of type 2. The points P 1 and P 4 will play the role of base points in suitable spaces, so by the definition of symmetries in spaces with base point, they will appear with types 1, 2, 3. Moreover we will introduce elements of type 3 which will take the form ({x, ⋆}, 3), where x will belong to an appropriate set and ⋆ is a base point.
We define the following spaces.
• (U, ⋆; Σ U ) = (D 1 , P 1 ; Σ U ), where
, where
The definition of the sum of spaces with symmetries leads us to the following remark. Proof. Assume that (U, ⋆; Σ U ) and (W, ⋆; Σ W ) are Σ-homotopy equivalent. Hence, there exist f : (U, ⋆;
This leads to the following observations:
• f (E 1 ) ⊂ E 2 , f (P 2 ) = P 2 , and f −1 (P 2 ) = {P 2 }, • g(E 2 ) ⊂ E 1 , g(P 2 ) = P 2 , and g −1 (P 2 ) = {P 2 }, • H s (E 1 ) ⊂ E 1 , H s (P 2 ) = P 2 , and H 
We note that γ : [0, 1] → E 1 , γ(t) = (2 − 2 · cos 2πt, 2 · sin 2πt), which is a parametrization of the circle E 1 , represents a nontrivial element [γ] in the fundamental group π 1 ( U , ⋆).
On the other hand
id U are homotopy equivalent.
5. Homotopy index for flows preserving generalized symmetries. In this section we consider a locally compact metric space with symmetries (X; Σ X , B) and a flow ϕ : X × R → X which preserves the symmetries, i.e. ϕ t = ϕ(·, t) : (X; Σ X , B) → (X; Σ X , B) for any t ∈ R.
General definitions.
Firstly we recall the definitions of objects studied in Conley index theory and formulate additional conditions which are related to the presence of symmetries.
Let us recall that for any subset A ⊂ X we call
A subset S ⊂ X is an isolated invariant set of the flow ϕ, S ∈ IIS(ϕ), if there exists a compact isolating neighbourhood A ⊂ X such that
S = inv(A, ϕ).
A pair (N, L) of compact subsets L ⊂ N ⊂ X is an index pair when the following conditions are satisfied:
1. N \ L is an isolating neighbourhood, 2. L is an exit set for the subset N :
3. L is positively invariant in N :
Moreover, the index pair (N, L) is regular if the exit time mapping
Finally, the index pair (N, L) is an index pair of the set S if S = inv(N \ L, ϕ). Hence, of course, S is a compact isolated invariant set of the flow ϕ.
The fundamental theorem of Conley index theory is
Theorem 5.1. If A is an isolating neighbourhood then there exists a regular index pair (N, L) of the set inv(A) such that N ⊂ A.
For the proof we refer the reader to [RS] , theorem (5.2), and [S] , theorems (5.2-4). In our case with symmetries we introduce the following definitions. Definition 5.4. Sets S 1 , S 2 ∈ IIS(ϕ) are said to be (Σ, ϕ)-disjoint if they admit index pairs (N 1 , L 1 ) and (N 1 , L 1 ) respectively such that the subsets N 1 and N 2 are Σ-disjoint.
In section 5.4 we prove that when the symmetries Σ are regular then a set S ∈ IIS(ϕ) is Σ-admissible if and only if it is Σ-invariant, and two Σ-admissible sets S 1 , S 2 ∈ IIS(ϕ) are (Σ, ϕ)-disjoint if and only if they are disjoint.
Homotopy index with symmetries.
In this section we introduce the homotopy index of a compact isolated invariant set of a flow which reflects the structure of symmetries.
We consider a flow ϕ : (X; Σ X , B) × R → (X; Σ X , B) which preserves the symmetries and a compact isolated invariant set S ∈ IIS(ϕ).
In this situation, two cases can appear according to whether S is Σ-admissible, i.e. has a Σ-invariant index pair, or not. Usually, invariant theories deal with somehow distinguished invariant objects. We show that both cases can be successfully treated. This is a great difference in comparison to the usually proposed invariant index theory.
Definition 5.5. For any set S ∈ IIS(ϕ) we define the homotopy Σ ⋆ -Conley index
where (N, L) is an arbitrary index pair of S.
In the case when the set S ∈ IIS(ϕ) is additionally Σ-admissible, i.e. it admits a Σ-invariant index pair, we can describe a more precise homotopy index.
Definition 5.6. For any Σ-admissible set S ∈ IIS Σ (ϕ) we define the homotopy Σ-
Conley index
Σh(S, ϕ)
where (N, L) is an arbitrary Σ-invariant index pair of S.
The independence of these indexes from the choice of index pairs follows from the standard arguments used in the Conley index theory. We recall the basic constructions and refer the reader to D. Salamon [S] and J. Robbin & D. Salamon [RS] .
Let us consider two index pairs (N α , L α ) and (N β , L β ) of S ∈ IIS(ϕ). For t 0 we define
. We recall the fundamental properties of the maps defined above. They are proved in detail by J. Robbin and D. Salamon [RS] , theorem (6.3) and theorem (4.2).
Theorem 5.7. There is T βα 0 such that the maps f
Theorem 5.8. The map
Now, we apply this technique to prove the correctness of the definitions of Conley indexes with symmetries.
Lemma 5.9. For t > T βα , the map f Moreover let S ∈ IIS(ϕ) and
It is known that S 0 ∈ IIS(ϕ 0 ) and S 1 ∈ IIS(ϕ 1 ) are isolated invariant sets of ϕ 0 and ϕ 1 respectively.
is a Σ-invariant index pair for the flow ϕ λ .
Proof. It is easy to notice that (N λ , L λ ) is an index pair for ϕ λ , as ϕ preserves the set X × {λ}.
We are going to show that N λ , L λ are Σ-invariant subsets of X. Let a ∈ Σ X be such that |a| ∩ N λ = ∅. Then (|a| × {λ}, (a)) ∈ Σ X×[0,1] and |a| × {λ} ∩ N = ∅. Hence |a| × {λ} ⊂ N , as N is a Σ-invariant subset of X × [0, 1], thus |a| ⊂ N λ . Analogously we obtain that L λ is a Σ-invariant subset of X.
The continuation property of the Conley index with symmetries can be formulated in the following way.
The proofs of these propositions can be based on the construction of a homotopy equivalence given by D. Salamon [S] in chapters 6.2 and 6.3. It is elementary, but technically difficult, to show that the maps defined there preserve the symmetries induced in the quotient spaces. We omit the details which, in fact, repeat the arguments used in section 5.2 where we proved the correctness of the definitions of Conley indexes with symmetries.
Existence of Σ-invariant index pairs.
An important problem is to compare the class of invariant sets of a flow which are Σ-invariant subsets of the phase space with the class of those invariant sets of the flow which admit a Σ-invariant isolating neighbourhood or a Σ-invariant index pair.
In general, when we do not impose any regularity conditions on the symmetries Σ, we cannot expect that a set S ∈ IIS(ϕ) ∩ P Σ (X) possesses a Σ-invariant isolating neighbourhood or a Σ-invariant index pair. This can be easily observed, for example, when we consider, compact isolated invariant set S of a flow ϕ which is not an open subset of X and the symmetries Σ = {S, X \ S} × B.
However, if the symmetries Σ are regular in the sense of Definition 2.8 all those conditions describe the same class of sets. This will be studied in detail in this section.
Consider a space (X; Σ, B) and assume that the symmetries Σ are regular. Moreover let A ⊂ X be a compact isolating neighbourhood for a flow ϕ : X × R → X which preserves the symmetries. We denote S = inv(A, ϕ).
Theorem 5.22. The following conditions are equivalent:
thus S is a Σ-invariant subset of X as the intersection of a family of Σ-invariant sets.
To prove the remaining part of the theorem we will adopt techniques used in Gequivariant Conley index theory.
Let Y = X/R Σ denote the quotient space and let π : X → X/R Σ stand for the canonical projection. We define the flow
thus we can take
is an isolating neighbourhood of the set π(S) for the flow ψ. Theorem 5.1 guarantees that there is a regular index pair (P, Q), P ⊂ π(B), of the set π(S). The lemmas below say that
is a regular index pair of S.
We formulate the lemmas we used in the proof above. We always assume (2).
Lemma 5.23. The set π(B) is a compact isolating neighbourhood of π(S) for the flow ψ.
Proof. We see that π(B) is compact and
because π is an open map. We prove that π(S) = inv(π(B), ψ).
Let y ∈ inv(π(B), ψ). Then y = π(x) for some x ∈ X. Hence
for any t ∈ R, so ϕ(x, t) ∈ π −1 (π(B)) = B. Thus x ∈ S and y ∈ π(S). Conversely, let y ∈ π(S). Then y = π(x) for some x ∈ S. Hence, for any t ∈ R, we have ψ(y, t) = π(ϕ(x, t)) ∈ π(S) ⊂ π(B), thus y ∈ inv(π(B)).
is an index pair of the set S for the flow ϕ.
Proof. First we observe that the sets L * ⊂ N * ⊂ B are compact and Proof. We notice that
The rest follows directly from the definition of the exit time map and the flows ϕ and ψ.
Corollary 5.26. Let S 1 , S 2 ∈ IIS(ϕ) be disjoint and Σ-invariant sets. Then S 1 and
Proof. Indeed, as S 1 and S 2 are disjoint, they admit disjoint isolating neighbourhoods A 1 and A 2 respectively. Hence, Theorem 5.22(3) completes the proof.
6. Examples of the use of the Σ ⋆ h index. In this section we calculate Conley indexes with symmetries of some isolated invariant sets and analyse them in relation to the behaviour of the flow. In particular we discuss the problem of the connecting orbit and the problem of deformation of the flow.
In the class F of vector fields on R 2 which induce flows as solutions of associated ODEs we consider the class F Σ ⊂ F satisfying additional conditions. We say that F = (F 1 , F 2 ) ∈ F Σ if (1) F ((0, 1)) = (0, 0), (2) F 2 ((x, −1)) = 0 for x ∈ R.
We show how the above restrictions affect the behaviour of the flow and how it can be observed in the context of Conley index with symmetries.
Let B = {1, 2, 3} ⊂ N be the basic set of the generalized symmetries. We denote We notice that, for any F ∈ F Σ , the flow ϕ : X × R → X induced by the vector field F preserves the symmetries Σ. Indeed, we see that
• condition (1) guarantees ϕ t (P ) = P for t ∈ R.
• condition (2) guarantees ϕ t (E) = E for t ∈ R.
Thus, for x ∈ R 2 \ (E ∪ {P }) and t ∈ R, we have ϕ t (x) ∈ E ∪ {P }, as ϕ t : X → X is a homeomorphism.
Let 
